J Math Chem (2014) 52:1477-1495
DOI 10.1007/s10910-014-0324-2

ORIGINAL PAPER

The dynamics of the stochastic multi-molecule
biochemical reaction model

Ying Yang - Yanan Zhao - Daqing Jiang

Received: 16 January 2014 / Accepted: 28 January 2014 / Published online: 25 February 2014
© Springer International Publishing Switzerland 2014

Abstract The paper introduces the dynamics of a stochastic multi-molecule bio-
chemical reaction model.First, we show that there is a unique positive solution of
the stochastic model. Furthermore, we deduce the conditions when the reaction will
end and when the reaction being proceed. At last, we derive that the solution of (1.5)
oscillates around the endemic proportion equilibrium P*(x*, y*), and the intensity
of fluctuation is proportional to white noise. The key to the analysis in this paper is
choosing appropriate Lyapunov function. The outcomes are illustrated by computer
simulations throughout this paper.

Keywords Stochastic chemical reaction model - Lyapunov function - Asymptotic
behavior

Y. Yang - D. Jiang (&)

School of Mathematics and Statistics, Northeast Normal University,
Changchun 130024, People’s Republic of China

e-mail: daqingjiang2010@hotmail.com

Y. Yang
School of Mathematics and Statistics, Jilin Normal University,
Siping 136000, People’s Republic of China

D. Jiang
College of Science, China University of Petroleum (East China),
Qingdao 266580, China

Y. Zhao

School of Science, Changchun University,
Changchun 130022, People’s Republic of China

@ Springer



1478 J Math Chem (2014) 52:1477-1495

1 Introduction

In this paper,we will introduce a stochastic multi-molecule biochemical reaction
model. In [1], E.E.Sel’kov describes a kinetic model of an open monosubstrate enzyme
reaction with substrate inhibition and product activation. The reaction process is sim-
plified as

[Aolki A1, Arky Q
PA1L +qArks(p+q)Az, Asky P

Note the concentrations at time t of A and A are x(¢) and y(¢) separately. Then
according to the law of mass action and the law of mass conservation, modelling the
mathematical model of multi-molecule biochemical reaction is:

dx
o = kixo — kox — pk3x?y4

Y (1.1)
— = pk3xPy? —k
a4 - pRkxry 4y
thereinto xg is the concentration of A, being set as constant. Through the dimension-
less transformation, system (1.1) change into:

dx1
— =38 —ax; —x1Px4

dvggz (1.2)

— =x1Px?7 — bxy
dt

where x; > 0,x2 > 0,a > 0,b > 0,6 > 0, p and ¢ are positive integers. Some
people research the dynamics of the system (1.2) under the assumption @ = 0. In [2],
author show that as p = n, g = 2 system (1.2) can produce stable limit cycles from
Hopf bifurcations. The case of p = 1 is discussed perfectly in [3], and the existence
of closed orbits is discussed in [4] when p = 2. But the whole research of this model
has not yet been see, especially the situation of a # 0, while the model will appear
more positive equilibrium points and multiple limit cycles.

Obviously, system (1.1) is similar to the famous epidemic model(SIS) with nonlin-
ear incidence rate. If p = g = 1, then system (1.1) is similar to the SIS model which
has bilinear incidence rate. If 0 < g < 1 holds, using the same statement as in [5], we
draw a conclusion, i.e. the system has two equilibrium states: an equilibrium Q¢ with
the coordinates Xy = k}jz‘o, yo = 0 and an endemic equilibrium state Q* = (x*, y*),
such that

kixo = kox™ + pk3x™Py*, plax*P y*! = kay™.
In [5], the authors affirm that if ¢ < 1, then the endemic equilibrium state Q* of the

system are globally asymptotically stable. Furthermore, the stability does not depend
on the value of the parameter p.
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Due to the model of oscillating chemical reactions requires p and g are positive
integers, so in this paper, we consider the system (1.1) for¢g = 1 and p > 1, when
system (1.1) become the following form:

d
@ kixo — kox — pk3xPy

3; (1.3)
22— pkaxPyv — k

dt PK3XTY 4y

Obviously, system (1.3) always has the boundary equilibrium P = (¥, ) = (k}c—;“), 0).

p _
The threshold of system (1.3) is Ry = pk—]f (k}{_)zm) .If Ry < 1, then P is the unique
equilibrium of (1.3) and it is globally stable in invariant set I', where ' = {(x, y) :

x>0,y>0,x+y < ]%O)}, here k = min{ky, k4}. If Ry > 1, then P is unstable
and there are endemic equilibrium P* = (x*, y*) = (\’/pk—z, é(klxo —ky %)) of
(1.3), which is globally asymptotically stable under a sufficient condition in invariant
set I'.

In the process to establish the mathematical model of chemical reactions, for mod-
elling, we usually assuming that the reaction rate is a constant under the premise that
the reaction is carried out in the determined temperature and pressure. But in fact, the
chemical reaction rate is closely related with the temperature and pressure when the
reaction is proceeding. In addition, the chemical reaction rate is also affected by such
as the catalyst, condition of concentration, solvent and other factors. It is apparently
that chemical reaction models are inevitably affected by environmental white noise
which is an important component in realism, because it can provide an additional
degree of realism in compared to their deterministic counterparts.

Both from a chemical and from a mathematical perspective,there are different pos-
sible approaches to include random effects in the model. Now, let us consider the sec-
ond equation of (1.3). To establish the stochastic differential equation(SDE) model,
we naturally re-write the equation in the form of differential

dy(®) = [ phax” 0y = kay(0) | i (1.4)

Here [t,t 4+ At) is a small time interval and we use the notation d- for the small
change, for example dy(t) = y(t + dt) — y(¢) and the change dy(¢) is described by
(1.4). Consider the reaction rate constant pk3 in the deterministic model. This can be
thought of the rate of reactant A; generation A, where A collided with A, will cause
the reaction proceeds. In the reaction process of

PAL + qug(p +q)Az

the total number of newly increased concentration of molecule A; in the small time
interval [¢, t + dt) is

pk3xPyldt
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and a unit concentration reactant A; makes
pksdt

A» collided with each other molecule in the small interval [z, f + dt).

Now suppose that some stochastic environment factors acts simultaneously on
each molecule in the reaction. In this case, pk3 changes to a random variable k. More
precisely, each A generates

kdt = pksdt + odB(t)

Asin|t, t+dt). Hered B(t) = B(t+dt)— B(t) is the increment of a standard Brownian
motion. Thus the concentration of newly increasing A, that a single A collided with
Axin [t;t +dt) is normally distributed with mean pkgdt and variance o2dt. Hence
E(kdt) = pkzdt and var(kdt) = o2dr. As var(kdt) — Oasdt — Othisis a
biologically reasonable model. Indeed this is a well-established way of introducing
stochastic environmental noise into realistic chemical reaction dynamic models. See
[6-12] and many other references.
Therefore we replace pksdt in Eq. (1.3) by kdt = pksdt + od B(1) to get

dy(t) = [pk3x? (1)y(t) — kay(t)]dt + oxP(t)y(t)d B(1)

Note that kdt now denotes the mean of the stochastic concentration of A1 generate
A» in the infinitesimally small time interval [¢, f 4 dt). Similarly, the first equation of
(1.3) becomes another SDE. That is, the deterministic multi-molecule reaction model
(1.3) becomes the /t0 SDE

dx = (kyxg — kox — pkzxPy)dt — oxPydB(t) (1.5)
dy = (pkaxPy — kqy)dt + oxPydB(t) ’

We will try to discuss the dynamics behavior of the system (1.5), which can easily
determine the extinction and persistence of the reaction. This paper is organized as
follows. In Sect. 2, we show there is a unique positive solution of system (1.5) by the
same way as mentioned in Refs. [13—15]. In Sect. 3, we deduce the condition which
will bring the reaction end. The condition for the reaction being persistent is given in
Sect. 4. In Sect. 5, when Ry > 1, we derive that the solution of (1.5) oscillates around
the endemic proportion equilibrium P*(x*, y*), and the intensity of fluctuation is
proportional to white noise. The key to the analysis in this paper is choosing appropriate
Lyapunov function. Throughout the paper, outcomes of numerical simulations are
reported in support of analytical results.

Throughout this paper, unless otherwise specified, let (2, F, {F;};>0, P) be acom-
plete probability space with a filtration {F;};>¢ satisfying the usual conditions (i.e.it
is right continuous and Fg contains all P-null sets). Denote

Ri={x € R":x;>0 forall 1<i <n}, R,={x € R" : x; >0 forall 1 <i <n}
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In general, consider d-dimensional stochastic differential equation
dx(t) = f(x(0), 0)dt + g(x(t), )dB(1), for t = tg (1.6)

with initial value x(f9) = xo € R", B(t) denotes d-dimensional standard Brownian
motions defined on the above probability space. Define the differential operator L
associated with Eq. (1.6) by

2

L= +Zfi(x,t)aixi 33 [ s ]

i 8xin

If L acts on a function V € C%! (R" x ﬁ+; E+), then
1
LV(x,t) = Vi(x,t) + Va(x,0) f(x, 1) + Etrace[gT(x, DV (x,)g(x, 1)]

_ v _ 3V v _ 9V > :
where V; = S, Vy = (B—XI, ey m) and V,, = (M)d“" By Ito’s formula,if
x(t) € Sp, then

dV(x(t),t) = LV(x(t), t)dt + Vi(x(t),t)g(x(t), t)d B(t).

Consider Eq. (1.6), assume f(0,¢) = 0and g(0,7) =0forallt > #y. Sox(t) =0
is a solution of Eq. (1.6), called the trivial solution or equilibrium position.

2 Existence and uniqueness of the positive solution

In this section we first show that the solution of system (1.5) is positive and global. To
get a unique global (i.e.no explosion in a finite time) solution for any initial value, the
coefficients of the equation are required to satisfy the local lipschitz condition and the
linear growth condition (cf. Mao [16]). However, the coefficients of system (1.5) do
not satisfy the linear growth condition, as the item x”y is nonlinear. So the solution of
system (1.5) may explore in finite time. In this section, we use the Lyapunov analysis
method, as mentioned in Refs. [13—15], to show that the solution of system (1.5) is
positive and global.

Theorem 2.1 There is a unique solution (x(t), y(t)) of system (1.5) on t > 0 for any
initial value (x(0), y(0)) € R, and the solution will remain in Ri with probability
1, namely, (x(1), y(t)) € R%_ forall t > 0 almost surely.

Proof Since the coefficients of equation are locally Lipschitz continuous for any given
initial value (x(0), y(0)) € R_%_, there is a unique local solution (x(¢), y(¢)) ont €
[0, T.), where 7, is the explosion time (see Ref. [16]). To show this solution is global,
we need to proof that t, = ocoa.s. Let mg > 0 be sufficiently large so that x(0) and
¥(0) all lie within the interval [1/m, m¢]. For each m > my, define the stopping time

T, =inf{t € [0, t.) : min{x(t), y(t)} < % or max{x(t), y(t)} > m}

@ Springer



1482 J Math Chem (2014) 52:1477-1495

where throughout this paper, we set in f¢ = oo (as usual ¢ denotes the empty set).
According to the definition, 7, isincreasing asm — 00. Set T, = limy,— oo Ty, Where
Too < T, a.s. If we can prove that 7o = 00 a.s., then t, = oo and (x(¢), y(t)) € Ri
a.s. for all + > 0. In other words, to complete the proof all we need to show is that
Too = 00 a.s. If not, there exists a pair of constants 7 > 0 and ¢ € (0, 1) such that

Pl{tew < T} > &.
Hence there is an integer m1 > mg such that
Plty, <T}>¢, forall m>m;.

Fort < t,,, we can see, for each m,

2.1)

d(x +y) = (kixo — kox — kay)dt < [kixo — k(x + y)]dt

where k = min{ky, k4}. Therefore,

=
S

x(t) +y(@) <

=
=

x(0) 4+ y(0), if x(0) + y(0) >

Define a C2-function V : R — R, by

Vix,y)=x—1—logx + (y — 1 —logy).

b, if x(0) + y(0) < bz

»|
<

The non-negativity of this function can be seen from u — 1 — logu > 0, Vu > 0. Let

m > mg and T > 0 be arbitrary. Using Ito’s formula, we obtain

dvi(x,y) = (1 — —) dx + —(dx)2 (1 — ;) dy + 12 (dy)?

= LVdt +o(y —x)x?"'dB(@).

where LV : R — Ry is defined by

2.2)

1 1
LV = (1——) (ky1x0—kox — pk3x? y)+—x2(”_”y2+(1—;) (pk3xPy—kqy)

o2

Z_2p
+2x

kix o2
= le0+k2+k4—k2x—%—kw-i-pksxp_l(X—H)—l—?x

< kixo + ko + kg + pksM?P + o> M?P == C

The remainder of the proof follows that in Ji et al. [17].

@ Springer
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Remark 2.1 From Theorem 2.1 for any initial value (x(0), y(0)) € R? | there is a
unique global solution (x(z), y(t)) € Ri almost surely of system (1.5). Hence

d(x +y) < lkixo — k(x + y)]dt,

and

X(t) + y(0) < lexO e |:x(0) +y(0) — %]

If x(0) + y(0) < X0 then x(r) + y(r) < XX as. So the region

k
hxweR%x+y<%?] 2.3)

is a positively invariant set of system (1.5), which is similar to I of system (1.3).
From now on, we always assume that (x(0), y(0)) € TI'*. For convenience we
introduce the notation; let

t

(x(0)) = 1/xOMr

0

3 Conditions of the end of the reaction

In this section, we investigate the conditions for the extinction of the reaction.

Theorem 3.1 Let (x(t), y(t)) be the solution of system (1.5) with initial value
(x(0), y(0)) e T*. If

(a) 0% > é’)’:f,, or
2:2p k
(b)R()—1<Ux and o* < 53,
Then
1 ¢ 2ks2
fimsup 2220 4 PB4 I () holds: 3.1)
t—o0 20’2
1 t 252p
fimsup 28D Ry —1— T 0as I (byholds:  (3.2)
=00 t 2ky

(namely, y(t) tends to zero exponentially a.s. i.e., the reaction will end with probability
1). In addition,

k
lim x(r) = -0 — . (3.3)
t—00 ko
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Proof An integration of system (1.5) yields

~

OO — fyxg — ko x (1)) — pha(xP () y(0) — & [ xP(r)y(r)dB(r)
0 3.4)
YOO — pks (xP (1) y (1)) — ka(y(0) + & fx”(r)y(r)dB(r)-
0

According to (3.4), we have

x(1) —x(0) n y(@) —y(0)

; ; = kixo — ka(x (1)) — ka(y (1)), (3.5)
we compute that
k
() = = —<y(z>> + (1), (3.6)
where ¢(¢) is defined by
_ 1L [x(0) = x(0) | y@®) = y(©)
p) = o [ ; + . ] .

Note (2.3), so

11_1)1210 o) =0. 3.7

Applying Ito formula to system (1.5) leads to
o2
d(log y) = (pk3x1’ —ky — 7;&!’) dt + oxPdB(r)
Integrating from O to t and dividing t on both sides, we have

t

/ xP(rYdB(r)

0
t

2

log y(¢) — log y(0) — pks(xP (1)) — ks — %uzp(t)) +

t

~|Q

2

Pale ) = ks = TP @) + % / P (dB(r)
0

IA

= f@@)+ Ml(t)

(3.8)

where f : (0, (422)?) — R is defined by

2 2 2
k
2 2
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2,2 P
Pk3 kixo
—kg,z=P@) e |0, | — . 3.9
t5,2 4,2 = (x"(1)) [(kz):| (3.9
and
t
M(t) := a/x”(r)dB(r). (3.10)
0
which is a local continuous martingale and M1 (0) = 0. Moreover,
M, M k P
lim sup M < o2 (1_)60) <00 da.s.
t—00 t k
By the large number theorem for martingales (see e.g. [16]), we obtain
M (t
fim M1 _ o4 (3.11)
t—00 t

Ifo?> 25 (e ll < (klxo)”), by (3.9), it is easy to see that

2xP> 202
pk3 p’ks?
f@) = f(—z) = — kg,
o 202
then from (3.8), we have
logy(r) logy(0 M(t) logy(0 2ks? M (t
gy()S gy()Jrf(Z)Jr 1()5 gy()erz_k4+ 1(1)
t t t t 20 t

Taking the limit superior of both sides, we obtain the desired assertion (3.1)

lim sup < — k4 <O0a.s.

t—00 t 20

logy(t) _ p*ks’
2

2x7> 202 =

o? ((kixo pk3 p*ks?
f@ =< 5 ((E) Py + 252 ks,

from (3.8), we have assertion (3.2)

1 t 2z2p
limsupOg—y() < kg (Ro —1- GZi ) < 0a.s.

t—00 t

Ifo? < 25 (e > (422)P), then

which implies lim y(r) =0 a.s.
11— 00
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Next, we prove the assertion (3.3). According to system (1.5), we obtain
d(x + y)=(kixo—kax —kay)dt =[kixo — ka(x + y) + (ko — ka)yldt (3.12)

From (3.12) we can formally solve to obtain

t

x(t) + y(t) = e [x(0) + y(0) + /[klxo — (ks — k) y(s)]e2 ds)
0

Applying L’Hospital’s rule and (3.11), we get

x(0) + y(0) + [ITkixo — (kg — k s)lek2sds
i x(0) = hm[ Oy O + fylhro - (ks = k)v(s)] _y(t)]
1—00 t—00 eka!
I kixo — (ks —ka)y(t)  kixo  _
= lim = = X.
—00 k2 k2
This finish the proof. O

Remark 3.1 Theorem 3.1 tells us the reaction will end if Ry — 1 < £ 2 , and the

2ks
white noise is not large. While if the white noise is large enough such that o2 > 57]‘;
is satisfied, then the reaction will also end. The following example illustrate this result

more explicitly.

Example 3.1 Throughout the paper we shall assume that the unit of time is minute
and the concentrations of the reactant are measured in units of mol /L - min. Choosing
the parameters in the system (1.5) as follows:

ki=14,x0=1,ky=12,k3=05ks =12,0 =0.6, (3.13)
Here we choose p = 2, that is one of the conditions of p > 1. Note that

02)?217

Ro — =0.856 < 1

4

and

k
22036 < 25 =367
2xP

then by Theorem 3.1, the solution (x(¢), y(¢)) of system (1.5) obeys

lim sup ———

1—00

2:2p
gy(t) <k (Ro_l_ox

=-0.1728 < 0, a.s.
2ky
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the Stochastic System . the Deterministic System
35 {1 385
3 3
25 {1 25
2 2
1.5 {1 15}
(1) X(t)
1 1 f
0.5 1 05
t
v y(t)
0 : : : 0
0 20 40 60 80 100 0 20 40 60 80 100
t t

Fig. 1 Computer simulation of the path x(¢), y(¢) for the SDE multi-molecule reaction model (1.5) and
its corresponding deterministic model (1.3) for parameter values k; = 1.4,x9 = 1, kp = 1.2,k3 =
0.5,k4 = 12,0 = 0.6 and p = 2. Using the EM method with step size At = 0.001 and initial value
(x(0), y(0)) = (0.8, 2)

and
k
lim x(t) = 220 — 5 = 1,167,
t—00 ko
with any initial value (x(0), y(0)) = (0.8,2) € I'*. That is y(¢) will tends to zero
exponentially with probability one. Otherwise, for the corresponding deterministic
model (1.3)

ks (kixo\”
Ro=20 (H10) = 1134 > 1;
ks \ ko

then the endemic equilibrium (x*, y*) is globally asymptotically stable in I". Using
the method mentioned in [18], we give the simulations shown in Fig. 1 to support our
results.

Example 3.2 We keep all the parameters of (3.13) unchanged but increase o to 0.9.
Note that 62 > 253 ~ 0.367; then by Theorem 3.1, the solution (x(¢), y(¢)) of system

2xP
(1.5) obeys
log y(t k32
timsup 22D o g4 PRS- 5897 < 0as.
t—00 t 202

That is y(¢) will tend to zero exponentially with probability one. But for the corre-
sponding deterministic model (1.3), Ry > 1; then the endemic equilibrium (x*, y*)
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. the Stochastic System . the Deterministic System
35} {1 35}
3 3
2.5 2.5
2 2
15}
x(t)
1t f
05}
y(t)
L " " " 0 " " " "
0 20 40 60 80 100 O 20 40 60 80 100
t t

Fig. 2 Computer simulation of the path x(¢), y(¢) for the SDE multi-molecule reaction model (1.5) and
its corresponding deterministic model (1.3 ) for parameter values k; = 1.4,x9 = 1l,kp = 1.2,k3 =
0.5,k4 = 12,0 = 0.9 and p = 2. Using the EM method with step size At = 0.001 and initial value
x(0), ¥(0)) = (0.8,2)

is globally asymptotically stable in I". Using the method mentioned in Ref. [18], we
give the simulation shown in Fig. 2 to sustain our results.

4 Continuous reaction conditions

Definition 4.1 System (1.5) is said to be persistence in the mean, if

'
1

lim inf —/y(r)dr > Qa.s.

t—>o00 t

0

Theorem 4.1 If
Ro— Ry~ 2 (hax 2,, 1 4.1y
= _— — > 1, .
T

then for any initial value (x(0), y(0)) € T'*, the solution (x(t), y(t)) of system (1.5)
has the following property:

liminf(y(¢)) > . a.s. 4.2)
11— 00
where
1
. ko [ k o2 (kixo\’\? kix
F=—2 (= 2 (22 + 20 2o, 4.3)
ka \pks ~ 2pks \ k kq

@ Springer



J Math Chem (2014) 52:1477-1495 1489

Proof By the same way as the Proof of Theorem 3.1, we have

— 2
Loz y(®) t P2YO) _ ke () — ke - )+ M lt(’),

where (x(¢)) is computed by (3.6), and the definition of M (¢) is similar to (3.10).
By the property of (x(¢)), i.e.(x”(t)) > (x(¢))?, we have the following inequality:

log y(t) — log y(0) kixo\*” | Mi@0)
2O =108y O) o — ke - 2 (K20) 7 4
t 2 k t
kixo r kixo\*? | Mi(0)
> phy | 220 ) o) | — kg 2 (20 .
_ps[kz <()>+<p()} 4 2(k +—
Note that 0 < x +y < ’ﬂ we have —oo < logy(r) < logk”cO Thus we get the

following inequality from the above formula:

log ©1%0 —log y(0) k P kixo\*P Mt
e loey® 1XO__( )+ —k4—— 1o\ M)
t ky 2\ k t

4.4)

Rearrange the inequality (4.4) we can get

1
ko [ 1 o2 (kixo\*? | logy(t) —logy(0) = M) |]|”
V=T {pk [’”7(7) " , T

+—4+ =0). 4.5)
4

By (3.7) and (3.11), then taking the limit inferior of both sides (4.5) leads to

1

ko[ ki | o (kixo\?]7 | kixo
li f t >—— 3k ke T
im inf (y(1)) = ks [pk3 Jr2}7163( k T

Therefore, by the condition (4.1), we have the assertion (4.2) and (4.3). This complete
the proof of Theorem 4.1. O

Remark 4.1 Inducing Theorems 3.1 and 4.1, we can see when the noise is so small
2 _ . .
that 02 < gx?k; the value of Rg; := Ry — 5’74sz < 1 will lead to the reaction end,

2p
and the value of Ry := Rg — % (]%CO) > 1 will lead to the reaction proceeds.

Obviously Ry; > Roa.
Example 4.1 Assume that the parameter of system (1.5) are given by

ki =14,x0=1,ky=12,k3=05ks=12,0 =02, (4.6)
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the Stochastic System the Deterministic System
4 - 4 . 4 :
35+t {1 35} {1 35}
3 3t 3
25t { 25} {1 25}
2 2t 2
1.5 1.5 1.5
x(t) x(t) x()
1 1 1 F
0.5 { 05 { 05
y() y() vy
0 * 0 0 .
0 50 100 0 50 100 O 50 100

t t t

Fig.3 Computer simulation of the path x(¢), y(¢) for the SDE multi-molecule reaction model (1.5) and its
corresponding deterministic model (1.3) for parameter values k1 = 1.4, x9 = 1,kp = 1.2,k3 = 0.5, k4 =
1.2,p =2,0 = 0.2 and 0 = 0.4 . Using the EM method with step size At = 0.001 and initial value
(x(0), y(0)) = (0.8,2)

2p
Note that Ry — &= (442) 7 = 1103 > 1and 0? < £ = 0.367.

Then by the Theorem 4.1, for any initial value (x(0), y(0)) = (0.8,2) € T'*, we
conclude that the solution (x(¢), y(¢)) of system (1.5) obeys

1
.. ky ( ka o (kixo\’\? = kixo .
1 fiye))y>—— —+ —(— — =0.224 > 0, a.s.
s L) = ka (Pk3+2pk3( k * ky T

That is to say, the reaction will proceed.
To further illustrate the effect of the noise intensity o on model (1.5), we keep all
the parameter of (4.6) unchanged but increase o to 0.4. Note that

Ro— O (Faxo ” 1.01048 > 1
-———) =L > 1.
"7 ok \k

Using the method mentioned in Ref. [18], we give the simulations to support our
results in Fig. 3. Comparing the first picture and the second picture in Fig. 3, when the
noise getting smaller, the fluctuation of the solution of system (1.5) is getting weaker.
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5 Asymptotic behavior around the endemic proportion equilibrium P*(x*, y*)
Theorem 5.1 If Ry > 1, then for any initial value (x(0), y(0)) € I'*, the solution
(x(2), y(2)) of system (1.5) has the following property:

t
lim sup % / [kz(X(V) —x*)? 4 %(y(r) - y*)z} dr

t—00
2p+1 2..%2 p—1
p kixo (ky + kg4)°x /& n kixo v |+ kixo o2
k Akg o™ + kay®) | k3 k k
a.s. 5.1
Proof Since P*(x*, y*) is the endemic equilibrium of system (1.5), we have
kixg = kox™ + pkax™Py*, kq = pk3x™*P.

Define a C2—function V : (0, klkﬂ) x (0, "IT)“’) — R, by

X wx p
V(x,y)=a / [l — (x_) }ds + (y —y* - y*logl*)
s y

x*

1
+§(x —x*y—yHi=aVi+ V2

This function is nonnegative for all x, y > 0 because of the fact thatu — 1 —logu > 0
on u > 0. Let L be the generating operator of system (1.5), then we get

Y o P p12
LV = [1 — (—) ] (k1xg — kox — pk3xPy) + Tpx* xPly
x
* o2
+ (1 - yy) (Pk3xPy —kay) + 7x2py*
= kixog — kpx — kyjxg " + kpx < + pkax™Py —kqy — pkaxPy* + kqy

2 2
o2 g
+7px*px1’_1y2 + 7)62‘”_)1*

x*\7? x*\7 x*\7? x*\?
= kox™ — kox + kpx (*) — kpx* (*) + kay* — kay* (*) + kgy* ( )
X X X X

2 2
+U—px*pxp_1y2+ U—xzpy*
2 2
1 1 2 2
=kx* 1l —uw)(1l——= ) +kpy* @’ - D — 1)+ a—px*pxp*]y2 + U—xzpy*
ubl ub 2 2
ko x* kav® 2 2
< _i(u —D@WP -1 - ﬂ(u[? -D¥+ pr*l’xp—lyz + szﬁy*.
ub ub 2 2
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Here u = ;C—*, If p > 1, then
hu)=w—1w? —-1)>0 forallu >0 (5.2)
and we can give a simple proof of the fact
u? =1 > |u—1}, p > L. (5.3)

Itis obvious thatif u > 1,thenu?” —1>0,u —1 > 0and we have u”? — 1 > u — 1;if
u<1,thenu?” —1 <0,u —1 < 0and we have u” — 1 < u — 1. Synthesize this two
points, we can conclude that (5.3) is true. Then from (2.3), (5.2) and (5.3), we obtain

2

2
lu— 11+ 2px*1’xp 1y? —i—%xz”y*

kox™ + kay*
()
k
k pkzx*+k4y( *)2 klxo k4+ kixg p-1 "
k1x0 X7 2\« o\ & T

LVy = (x — x* 4y — y*)(k1xo — kox — kay) + o2x?Py?

LV, < —

and

< o (x —x*)? — (ko +ka) (x —x ") (y—y*) — ka(y—y*")*+0? (—

Then
LV =alLVi+ LV,

k \’k k
< —[a (k ) w-i-k } (x=x*) = (kp+ka) (x—=x*) (y=y*) —ka(y = y*)?
1X0 X

kixo\" T ke (kixo P! kixo )+
+a > ( k ) k3+ X +0°? k .

Using the Young’s inequality we have

k \ kox* + kay* (ky + k4)? ky
< [a (kle) 2 + ko % }(X x¥) > =y

kixo 2| k kixo\ P! kyxo 27D
+a— ) s + £t v+ o2 210 .
2 Uk ks k k

kox*+hkay*  (kotka)?
x*Z 2k4

= 0, therefore

Furthermore we choose a such that a(k]k—xo)P

k
LV <—ky(x — x*)* — g(y —y")?
kixo NP (o+k)®x2 | ks (kixo P! k
4 (fxo (ko +ka)*x ks | (Fixo Ram 1X0 o=F(1).
k 4ka(kox*+kay*) | k3 k k
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the Stochastic System the Deterministic System
25 . 25 . 25
2 2 2
1.5 1.5 1.5
X(®) x(t) x(t)
1 [v,www\» 1 //W 1 [
0.5 {1 05 {1 05}
y@® y(®) y(®)
0 * 0 . 0 .
0 50 100 O 50 100 0 50 100
t t t

Fig.4 Computer simulation of the path x (), y(¢) for the SDE multi-molecule reaction model (1.5) and its
corresponding deterministic model (1.3) for parameter values k; = 1.4, xg = 1,kp = 1.2, k3 = 0.5, kg =
1.2, p = 2 and differing values of o = 0.05 and o = 0.01. Using the EM method with step size At = 0.001
and initial value (x(0), y(0)) = (0.8, 2)

SodV < F(t)dt + o(x*Py — xPy*)d B(t). Integrating both sides of it from O to t,
yields

t t

V() — V() < / F(s)ds +/a(x*Py — xPy*)dB(s). (5.4)
0 0

Let M(2) := fot o (x*Py—xPy*)d B(s). By the large number theorem for martingales

My (t)
!

(see e.g. [16]), we obtain tlim = 0 a.s., which together with (5.4) implies
—00

t
F(s)d
lim sup M >0 a.s.
=00

Consequently we get formula (5.1). This complete the proof of Theorem 5.1. O

Remark 5.1 Theorem 5.1 shows that under some conditions, the distance between the
solution X (t) = (x(¢), y(#)) of system (1.5) and the endemic proportion equilibrium
P* = (x*, y*) of syetem (1.3) has the following form

—>0o0

t
1
lim sup;/ IX(s) — P*|> < N|o | a.s.
0
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where N is a positive constant. Although, the solution of system (1.5) does not have
stability as the corresponding deterministic system, we can still think there is approx-
imate stability, provided || o 12 is sufficiently small.

Example 5.1 Assume that the parameters of system (1.5) are given by
ki =14,x0=1,kp =12,k3 =0.5,ks = 1.2,0 = 0.05.

That is, we keep all the parameters the same as in Example 3.2 but let o = 0.05. Note
that

ks (kixo\?
Ry =28 (BX0) =y q34~ 1,
ks \ I

then by Theorem 5.1, for any initial value (x(0), y(0) € (O, k'TxO) x (0, lex"), we
draw a conclusion that the difference between the perturbed solution (x(¢), y(¢)) of
system (1.5) and P* = (x*, y*) is only related with white noise under the condition
Ry > 1. Using the method shown in [16], we give the simulation to support our result.
As expected, the solution is oscillating around the endemic equilibrium P* for a long
time (see Fig. 4). Besides, the parameters of the first two pictures in Fig. 4 are all same
but with different intensities of white noise. Especially, in the first o = 0.05 and in the
second o = 0.01. Obviously, we can observe when the white noise getting weaker,
the fluctuation around P* become smaller,which supports the result of Theorem 5.1.
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